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ABSTRACT 
It is shown that if a linear transformation T on the space of n X n complex 
matrices maps nonnegative matrices into nonnegative matrices and preserves the 
spectrum of each nonnegative matrix, then T(A) = P - ‘AP or T(A) = P - ‘ATP for all 
matrices A and a fixed nonnegative generalized permutation matrix P. 
1. INTRODUCTION 
Let M,(F) denote the set of n X n matrices over a field F, and let Z(X) be 
an invariant defined on a subset G.of M,,(F). The problem of determining 
the set of linear transformations T that hold the invariant I fixed, 
I(T(X)) = I(X) 
for all X in G, has been studied by many writers. For an up-to-date survey of 
the work in this area and a comprehensive bibliography see [Z]. 
In the present note we characterize the linear transformations on M,,(C), 
the set of n X n complex matrices, that hold fixed the determinant and the 
trace of each matrix. We then use this result to determine the structure of 
the linear transformations on the set of nonnegative matrices (i.e., matrices 
all of whose entries are nonnegative) that preserve the spectrum of each 
nonnegative matrix. 
2. MAIN RESULTS 
THEOREM 1. lf T is a linear transformation on M,,(C) that preserves the 
determinant and the trace of each matrix, i.e., det(T(A)) =det(A) and 
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tr( T(A)) = tr(A) for all A E M,(C), then there exists a matrix S in M”(C) 
such that 
for all A E M,,(C), or 
T(A) = S -‘AS 
for all A EM,(C). 
T(A) = S -‘ATS 
COROLLARY A linear transformation on the space of complex n X n 
matrices holds the spectrum of each matrix fixed if and only if it preserves 
the trace and the determinant of each matrix. 
A matrix is said to be a generalized permutation matrix if it has exactly 
one nonzero entry in each row and in each column. 
THEOREM 2. If T is a linear transformation on M,,(C) that maps non- 
negative matrices into nonnegative matrices and preserves the spectrum of 
each nonnegative matrix, then there exists a nonnegative generalized permu- 
tation matrix P such that 
for aZZ A E M,(C), or 
T(A) = P-‘AP (1) 
for aZZ A E M,(C). 
T(A)= P-‘ATP (2) 
3. PROOFS 
We first state without proof a classical result due to Frobenius [l]. 
LEMMA 1. If T is a linear transformation on M,,(C) that holds the 
determinant of each matrix fixed, then there exist matrices U and V such 
that det (UV) = 1 and 
T(A) = UAV 
for all A E M,(C), or 
for all A E M,(C). 
T(A) = UATV 
Our second preliminary result is quite elementary and it appears to be 
known. We state it without proof. 
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LEMMA 2. Zf a nonnegative matrix has a nonnegative inverse, then it is 
a generalized permutation matrix. 
Proof of Theorem 1. Since T preserves determinants, there exist, by 
Lemma 1, matrices I.7 = (uij) and V= (vii) such that det ( UV) = 1 and either 
T(A) = UAV (3) 
for all A EM,(C), or 
T(A) = UATV. (4 
Let Eii denote the n X n matrix with 1 in its (i, j) position and zeros 
elsewhere. If T is of the form (3), then 
T(Eij)= UEiiV 
= u(i)v 
( 1)’ 
where U w denotes the ith column of U and V, jj denotes the jth row of V. 
Now, 
and 
tr(T(Eij))=tr(UEijV) 
= (VU),. 
Since tr (T( Eii)) = tr (Eii), we have 
( VU), = 6, 
for all i,i, and therefore 
i.e., 
vu= z,, 
T(A) = V-‘AV. 
If T(A) = UATV for all A EM,,(C), we prove in a similar fashion that 
tr ( T(Eij)) = (VU), 
for all i,i, and therefore 
vu= z,, 
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Hence, in this case 
for all A E M,,(C). 
T(A) = V-‘A’V 
The corollary is an immediate consequence of Theorem 1. 
Proof of Theorem 2. Since T preserves the spectra of all nonnegative 
matrices, it preserves their traces and their determinants. Clearly any linear 
transformation that preserves the trace of each nonnegative n X n matrix, 
and in particular of each Eji, will preserve the traces of all matrices in M,,(C). 
We show that T also holds the determinant of each complex matrix fixed. 
Consider the entries of n X n matrix X = (xii) as indeterminates. The 
entries of T(X) are fixed linear combinations of the entries of X. Hence 
det(T(X))-det(X) is a polynomial in the indeterminates lcir. This polynomial 
vanishes if X is replaced by any nonnegative n X n matrix. It follows that the 
polynomial det (T(X)) - det (X) is identically zero, i.e., 
and thus 
det(T(X))=det(X), 
for all A in M,,(C). 
det(T(A))=det(A), 
Hence T preserves both the trace and the determinant of each complex 
n x n matrix and therefore, by Theorem 1, there exists a matrix S, such that 
Z’(A) = S -‘AS (5) 
for all A E M,,(C), or 
T(A) = S - ‘ATS (6) 
for all A. If T is of the form (5), then 
T(Eii)= S -‘E$ 
= (S - lys( i) 
is nonnegative for all i and j. Hence 
(s -‘)& 2 0 
for all h, i, j, and k. Now, not all (S -‘)hi can be zeros. Hence there is a 
complex number (Y such that 
Si/c501Sjkl 
for all j and k. In other words, S is a scalar multiple of a nonnegative matrix 
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P. Thus 
S-‘AS=P-‘AP 
for all A. We have therefore 
T(E,,)= P-%,/P 
which must be nonnegative for all i and j. It follows, as before, that 
for all h, i, i, and k. Since some of the & must be positive, all the (P -‘)h, 
must be nonnegative, i.e., P - ’ must be a nonnegative matrix. The result 
follows by Lemma 2. If T is of the form (6), the proof is similar. 
It is clear from the first part of the proof and the Corollary that the 
apparently weaker premise, that T is a linear transformation on nonnegative 
matrices that merely holds the determinant and the trace fixed, is sufficient 
to imply the conclusion of Theorem 2. 
The author is indebted to Professor Maroin Marcus fix some valuable 
suggestions and comments. 
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